In this report, a scheme different from the PT and Wootters concurrence is developed to acquire a criterion to investigate the bipartite separability of the Werner state.
Introduction
Entanglement is a type of characteristic that cannot be described by the classic physics. It is also known as an essential resource to a quantum processor and a quantum computation [].
A problem of great importance in the field of quantum information science is to qualitatively analyze entanglement. That is, determine whether a state is separable or entangled. According to the article of Werner in 1989 [1] , a state of a bipartite system H AB is separable if it can be written as a convex combination of pure product states Otherwise, this state is entangled. The focus of this article will be on analyzing he bipartitie separability of a specific class of states, the Werner states.
There are a number of applications, based on the symmetry of the Werner state, to entanglement purification [2, 3] , nonlocality [1, 4, 5] , entanglement measures [6, 7] , etc. Besides, another interest problem is how to examine the physical meaning of the critical point between the separable and entangled for the Werner states in a symmetry-qubit system. For this reason, an enormous number of research works have been realized to find out the decomposition formulation for the separable Werner states in a 2 × 2 system [8] [9] [10] [11] . Unanyan, etc. [11] proposes a decomposition formulation covering a part of the separable Werner states in a 3 × 3 system. For a separable Werner state in a system of a higher dimension, constructing its decomposition formulation in terms of product states is a difficult task so far. In this study, we design a process to construct a form to represent an arbitrary separable Werner state in a d × d system. More specifically, this decomposition form will be demonstrated in the case that the dimension d equals to a power of 2. This decomposition is different from the decompositions introduced in [8] [9] [10] [11] . Because of this convex combination formulation of separable Werner states were discussed in spinor basis, we keep our mind on the dimension Werner states.
This article is organized as follows. In Sec. 2, we review the properties of Werner states and, for our purpose, we expand a Werner state in terms of the spinor representation. Besides, the separability of Werner states have been examined via Peres-Horodecki criterion [12, 13] . In Sec. 3, the procedure to obtain the decomposition form of a Werner state will be demonstrated. Besides, the and dimension Werner states were decomposed in this section. A novel and simple procedure to write down the convex combination formulation of product states for separable Werner states was inducted. In Sec. 4, we give some respects for this decomposition formulation. 
Werner State
There are various kinds of explicit forms to represent a Werner state and the most popular one is
where I A ⊗ I B is the identity in H AB and P denotes the flip operator taking the form
Note that the Werner state ρ W is a one-parameter operator characterized by a real number f = Tr AB {ρ W · P }.
To obtain the required decomposition, we consider a Werner state ρ W in H AB with d = 2 p , p ∈ N. In this case, the state can be written in the spinor representation. In terms of this representation, the Werner state ρ W in H 2 p ×2 p is written as
where the operator σ i1i2···ip,i1i2···ip is defined in [14] [15] [16] [17] [18] [19] . Each spinors of a Werner states in a 2 p × 2 p system are commuting. Thus, there are linear relation λ = H ⊗p M ⊗p a between the eigenvalues of Werner states and coefficients of spinors. Here the two matrices H and M are 4 × 4 matrices taking the forms
T denotes the vector of the coefficients of the spinors with a 1 = 1 2 2p
and a r = 2 p f −1 2 4p −2 2p for r > 1. The eigenvalues for the case p = 1 are of the form
The Peres-Horodecki criterion or positive partial transpose (PPT) criterion [12, 13] gives a necessary condition to determine the separability of a bipartite density operator ρ AB . That is, any separable state is still positive under the operation of partial transposition on party A or B. According to this criterion, one derives the partial transpose of the Werner state [14] [15] [16] [17] [18] [19] 
When p = 1, the eigenvalues of the partial transpose ρ TB W are calculated as
2 ≤ r ≤ 4. As p = 2, the eigenvalues of ρ TB W are 
here 1 ≤ s ≤ 2 p+1 − 2 and 2 p+1 − 1 ≤ t ≤ 2 2p . As long as the Werner state ρ W is separable, the partial transpose ρ TB W is positive and the condition 0 ≤ f ≤ 1 is acquired. The condition 0 ≤ f ≤ 1 is the necessary condition for the separability of ρ W and in the next section, through the decomposition form, it is also the sufficient condition to determine the separability of ρ W .
Decomposition Form
In this section, the decomposition forms for the Werner states in a 2 × 2 system will be first derived. Then, one decompose the Werner state in a 4 × 4 system. The ns conditions for the bipartite separability will be discussed in both cases. Lastly, the decomposition form will be extended to the case of the Werner state in a 2 p × 2 p system. Firstly, we demonstrate the decomposition form of a separable Werner state in a bipartite system H AB with dimH A = H B = 2. Based on Eq. 2.5, the Werner state, in terms of the spinor representation, is written as
One can decompose this state into the following form
with the components
In this form, the state ρ W is separable iff all the components ρ Then, consider the case of higher dimension for dimH A = H B = 4. By Eq. 2.5, the Werner state in the spinor representation for p = 2 is written as
This state cane be decomposed into the separable form
with the components 
with the component operators 
